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LIAPUNOV CONTROL~SYSTEM SYNTHESIS OF A
HIGHLY RESONANT PLANT

Donald ¥. Jorgenson, Jr.
and
David P. Lindorff

I. INTRODUCTIOHN

A number of papers have bieg gritten on the synthesis of control systems via
the Second Method of Liapunov.” "’ These papers have been theoretical in nature,
at most containing simulation studies of systems employing the method. It is of
interest. therefore. to determine some of the problem areas and possible solutions
which arise when a Liapunov design is applied to a physical system of some com~
plexity. .

Since one of the principal advantages of Liapunov theory is a guarantee of
stability within a region of the state space. a plant was selected in which stab-
ility problems might occur. This plant consisted of a motor-clutch combination
driving a lightly damped resonant load, the objective being to position this load
in some quasi-minimum-time manner and to control against disturbance torques.
(See Figure 1.)

Certain problems are encountered before a final design can be arrived.at.
Noise is a potential problem, will large amounts of filtering be required or can
the controller itself help in minimizing it? The disturbance problem in itself
is interesting since in conventional design there is often a trade-off between
good disturbance response and some other system specification, how will such a
trade~off appear in the design being considered? Finally, can a reasonably
simple synthesis technique be developed so that the engineer can design to a
set of specifications without huge amounts of calculations or system studies?

The design objective was to control the plant as close to its resonant
frequency as was possible, considering the physical limitations of the equipment.
Studies were made of the step and disturbance response of the system with various
values of controller parameters.

Various aspects of the engineering design problem have been considered, lead-
ing to an experimental method of arriving at a final design which yields a suitable
response inh the presence of instrument noise. This design procedure raquires
that a model, of the same order as the plant, be designed to meet the system
specifications. The controller, which approximates a relay by a saturation func-
tion, is given the magnitude limits imposed by the physical system (for example,
the magnitude of the voltage into a motor cannot exceed a certain value).

The system states are defined as the error between the states of the model

and those of the plant. The summation of these states, weighted by controller
parameters, form the argument of the saturation function. Within the contraints
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imposed by the design equations these controller parameters are chosen experiment-
ally. Assuming an nth order system whose mth state is the derivative of its m-15t
state. it is shown that nt+l parameters must be specified. The procedure deter-
mines three of these n+l controller parameters. These three parameters are prim-
ary factors in fixing the bounds on the error of the system and thus its input
and disturbance responses., and of determining the quantity of noise which will
appear in the control output. They are chosen to reduce the error bound, includ-
ing the effect of transducer noise. The n~2 remaining parameters are then chosen
to further refine the response of the system (subject to some restrictions im-
posed by Liapunov theory).

This synthesis procedure is attractive because it provides a method of
designing to specifications, allows some uncertainty of plant parameters, is
simple to instrument 6 and simplifies the computations required by Liapunov theory.



II. DESCRIPTION OF PLANT

The Plant was constructed to represent an approximation to a physical system
such as a large radar antenna with structural resonance. As may be seen in Fig.2,
the drive was obtained from two dry-partical, variable-slip clutches.

A limit of 24 volts on the clutch input voltage adds a saturation to the
plant which must be included in the controller design.

The following symbols are to be used in development of equations describing
the plant:

A Feed forward gain of the clutches and their driving circuitry
Clutch internal feedback constant
Drag coefficient before flexible rod
Drag coefficient after flexible rod
Moment of inertia before flexible rod

“w L oo w
NN

Moment of inertia of rod, flywheel and Instrumentation

=

Spring constant of rod

=

. Gain in w, feedback path
Gear ratio from clutch to rod

w3 =

Clutch output torque

Disturbance torque (applied at 62)
Control input

Position of clutch output shaft
Speed of clutch output shaft

o

Position of flywheel (actual output)
Speed of flywheel
Acceleration of flywheel
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Writing the equations of motion of the plant in the transform domain, we
have ‘

- 2 K
(2-1) ,Ec = J.8°e, + D.S8. + ﬁ'(Nel 6

171 171 )

2

6 62

(2-2) w1, = 3,87 2 405>+ 5 (6, - MO

d Y2 W TYN ).

1

Solving for 6, from (2-2) yields

2
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(2-3) =8, = )
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and subgtituting (2-3) into (2-1) yields

=
C-ts?(

D
Ls?2+2s+Kyr M g
J J J2 c JlJQ d
(2-14) el - 1 2 .

D D D,D. + KJ. + KJ D, + D

3 1 2 172 1 2 1 2

s{s” + (.....1.......)5 + ( }S + KL......__..-.._.)}

Jl 32 2 JlJ2 JlJ2

If it is assumed that {u! is constant,® then the torque from the clutches is
given by

(2-5) T_ = ACu]) u - BUup) + & (Jup) ko) s,

where A(]u|) decreases with increasinglu|, B(|Ju]) increases with increasing |ul.
If, however, various possible values of A(|u]) and B(|u|) are chosen and the
resulting equation solved with K. = 1, it is found that the resulting function
8 = £(u,Ty4) exhibits poles ang ‘zeros which, except for a far-out dipole,
are only very slightly affected by changes in A and B. The far-out dipole on
the other hand, while remaining a dipole , varies its position widely but its
closest approach to the origin is greater than 100, for the range of possible
values of A and B. Furthermore, the gains of the function 8, = f(u,T,) remain
constant. Thus it was decided arbitrarily to choose some mid values for AClul),
B( |u]) and treat the clutches as linear¥s The result is

K

(2~ B) Tc £ Au (B+AKf) Sel g (9x10) " + 6) Sel

We can now solve (2-4) in terms of the control signal (u) and the disturbance
torque (Td). Thus

(2-7) D
é—(32+~-gs+5—-)u +
3 TotF T 7 ta
8,° D D, BIAK RS é-m x+x:; (BzAK ) : 20 +D_+B1AK
s{sa+(33+33+—-———~J fys2p(-1-2 lJ - 2 ek :‘; 5 £33
192 9 192 192

Substituting in the numerical values (see Appendix A), we obtain

* This assumption is not based on a rigorous argument. However, since in this

study ugt) very nearly represents the output of an ideal relay, it follows that
be(t)| is essentially constant.

% *Unless otherwise stated, all units are in the m.k.s. system.

-5~



(2-8)

341 (Sz+.ss+u7.5)t£ + GquTd
e -~

1 8{83 + (2.94+341Kf)82 + (60.42+l70.6Kf)S + (l2l+16,lOOKf)}

¥

and using (2-3), it follows that
(2-)

62 =

1070(s2 + .65 + 57.5).
s(sz+.és+u7;5){s3ﬂg.94+3ule)52(60.uz+17o.sxf)s+(121+16,1ooxf)}

38.8{s“+2.9u+3u11<f)83+(60.u2+17o.6Kf)82+121+1Q100Kf)s+518}1‘d

s(32+.ss+u7.5){33+(2.9u+3u1xf)sz+(so.u2+17o.exf)s+(121+16,1ooxf)}

It can be seen that the order of the polynomials in equation (2-g) is far too
high for us to deal with, since Liapunov theory requires that all state variables
be measured. Thus instrumentation would require derivatives of acceleration,
resulting in extreme noige problems. It is for this reason that the feedback
loop around the clutches is used to reduce the effective order of the system.

Reduction of Order of the Plant

Realizing that K_ consists of a gear ratio, a tachometer constant and the
=} = =
actual gain (Gf)3 we have Kf IgKTGf where Ng 40/13 and KT

volt-sec. -
.lm. Thus Kf = O.HGf‘

Since the polynomials of (2-8) exhibit the root contours seen in Figure
8 as a function of positive values of K., a K. = 1 was chosen (Gg = 2.5) so
as to form a set of dipoles and far-out poles. (2-g) and (2-g) then become

(2-10) 3u1(s? + .65 + u7.5)y + 6440T
] & 'y
1 5s® + 3u3.ous? + 231.028 + 16,221)

(2-11)

1070(82+.58+47.5)U+38.e(su+3u3.9453+231.0282+16,221S+518)Td

62-

s(52+.65+47.5)(5%+343.945%4231.025+16,221)

(2-11) can now be written in terms of factored polynomials so as to yield
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(2-12 |
A  1070(5%+.65447.5) U
S(S2+.65+47.5)(S%+.5356+47 .236) (S+3u3.4)

38.8(82+.5038+47.115’t5+3h3.4)(s+,oég)fa

.
3

S(52+.65+447.5)(S%+. 5355447 . 236 )(S+343.4)

The first expression in (2-12) reduces to a transfer function of lower order.
Furthermore, the tern (S+343.4) is far enough out to be neglected. The second
expression has a far-out dipole at (S+3u3.4). Thus this term can also be
neglected and we are left with

(2-13)

(1070/343.4) U 38,8(52+.5oss+u7.215)(s+.032)rd
o = + )
2 5(s%.535+47.236) S(52+.65+47.5)(S%+.535¢47.236)

Now in the disturbance response of (2-13) we wish to neglect the term

$24+.5035+47.215

5%+ .65447.5
borne out in the results which were obtained and therefore (2-13 ) becomes

. That this represents a reasonable assumption is

(2-1%)
3.12:y+ 38.8(S + .032)'1‘d

8, = 5

2

S{S® + ,535S + 47.236)

State Space Equations of Reduced Order Plant

From *¢2-14) “the $tate ‘equations of thé reduced order plant:Gard e wrdften

as' FA ¢ - e e



0 1 0 0 0 u
x=]o0 0 1 X + 0 0 0 T,
0 -47.5  -.513 3.13 .515 38.8 'i’d .

Here the notation is adopted that R, = 62.

Instrumentation

The necessary instrumentation was added to the system for measuring the
states. This instrumentation consists of a wirewound potentiometer at 6,,
a d-c tachometers at 6, and 8,, and a drag-cup servomoter which is conneCted to
serve as an: accelerometer fob measuring §,. (See Appendix B for calibration
constants.) Another drag-up servomotor is“used as a source of disturbance
torque.

The potentiometer produced negligible noise output. At low speeds, however,
the tachometer noise rose to 20 percent of the signal. The accelerometer noise
was of two types, a low frequency component {(about 10-20 cps) and large spikes.
The low frequency component decreased as acceleration increased but the spike
magnitudes increased, remaining over 50 percent of the signal magnitude at high
acceleration levels. Although some filtering was used on these noisy signals,
large amounts of noise were evident at the input to the clutches, due to the
very large gains required in these loops.



III. DERiVATION OF THE LiAPUNOV CONTROLLER

Derivation of the Control Law

A Liapunov controller of the type described in [1] will be derived to con-

trol our system.

A model will be chosen to meet the system specifications. The

synthesis procedure insures that the plant states, %, will follow the model
states, s, within some bound of error.

Using this technique, error coordinates are defined as

(3-1) e =

Thus the differential equations of error are:

(3-2) é=
where

(3-3) h =
or

(3-8) &=

5 -~ X.

"'B_( ?_{__2 t )

$(t) + glx,t) + ¢(x,thult)

= o o = -1
®17%1 1
SRS 3% F 2
SS-XS 33' "g-‘bu

~h =

~h-Aethe

where A is a stability matrix, i.e., all its elgenvalues have negative real
parts. Now (3-4) can be rewritten as

(3-5)

where

(3-6) Ae

where * (g)

= -h - Ag+Ae = -f +Ae

e e

1 2
€2 = 3
éa ﬂ('g_)

- (a 18 3,8, t 3363) and

-10-



-é.+ e 0

1 2
(3-7) £=hthe = |-é, + e, =10 .
-§ tgrgu + mler -§ tgtou -+ m(e)
Now if a Liapunov function is chosen such that
(3-8) V= g??g
is positive definatej then
(3-9) V= -g'Qe - 2¢*Pf where AP + PA = -Q

and Q is positive definate.

Therefor%, to assure stability V will be chosen
for ¢ > 0, e Pf£ > 0. Thus we require that ful 2 ¢
of u be equal to the sign of y where

fo be negative definate
153‘8’*’ﬁ(§)l= and the sign

(3-10) 1y = P1a®; * Pygy * Paaly

.

and Pij is the coefficient of the 1th row and jth column of P.

In actuality, for the existance of a solution and due to noise considerations,
a saturation function rather than a sign function will be used in u [2].
The control law which results for this system is thus

E
(3-11) lul3:¢ 8 gro X to R X 48 T 4B T 4a e a6 taqe |

(3-12) sign u = sign v = sign (plael * Pyaeg t psaea)
where as, Bi are plant parameters in g = alxl+a2x2+a3x3+Ble+62Td-

Sinée the magnitude of u is limited by the motor-clutch combination to about
20 volts, then

(3-13) 202 Jul >3 85 - g - e}

This limits léal, del and !Td[.

wlle



The Model

It was decided to design a model which had as fast a step response as
possible within the limitations imposed on ]ésl.
It is worthwhile to note that, assuming the control law can be satisfied,

system specifications can be met by using this technique if the model meets

the specifications. The model configuration is limited only by the order of

the plant and its physical limits (such as {u| > L). This allows the designer

to employ almost any technique he wishes in order to meet histgesign specifica-
tions on the model. Therefore; it is desired to control an n~ order plant

and the n states are available, the designer can (within the physical limitatiomns
of the plant and its instrumentation) meet any set of specifications as long as
a model can be designed to meet these specifications and the control law can be
satisfiedi

In this case the model was designed with a large gain preceding a saturation
level on 8,,thus approximating a bang-bang system (See Figure 4). A nonlinearity
was introdiced in the feedback path in order to realize a quasi-minimum time
response.

Since the input to the clutches consisted of two signals, u and Ky s it
was vequired that this feedback signal would not cause saturation of *h#
clutches. Although it is the clutch input which is limited to 24 volts, it
was stated in the previous section that there was 2 20 volt limit imposzed on
u which in turn placed a limit on Ié . This assumption was found to be just-
ified in the final system design, ang bears out the obvious fact that the speed
of response of the system was limited by the motor-clutch combination. A
larger motor and clutch would have to be employed in order to incriase !é ]9
thus increasing the speed of response. Now assuming lul < 20 3.$1é3 - 3 -

&kg}} where ¢ = 3.12 ,fésl< 62.4 volts. It was found, experimentally, that an

|5.] of 60 volts kept Ju| just under 20 volts. Experimentally determination
was necessary since the magnitudes of %, and X, were unknown without knowing

[$.] and the terms in the summation }a.&., i =1 to 3, could only be known within
a conservative bound [3]. i

The final model was observed to have a rise time, to 90 percent of its
final value, of just under one second. It had a 10 percent overshoot and
finally settled out in about 1.5 seconds.

Determination of Controller Parameters

Two possible methods of constructing u have been considered [1,21, i.e.,
with

(3-14) u = 20Sat K(plae3 * Pyas, + p33e3)

=12~
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or
(3-15)

.1 . : ,
u = §TT§{‘83+'535x3+u7'23X2+alel+32e2+a363l+Tdm}sat{K(Plael+92392+P3333)}

where T 0 is a constant which allows the system to control against disturbance
torques and where K is a gdin preceding the saturation function.

(3-15) can be rewritten as
(3-16)

u =V{I.32153+,1715x3+15.lx2+.32lZaiei‘+Tém}sat{K(p13e1+p23e2+p33e3)}

It is now requiréd to determine the coefficients a, and pi3, i=1l"to 3.

Taylor [3] describes a method of determining a bound in the errvor space
due to the use of an imperfect sign function.

Thus given a &pace 0 = {93 lv l(g)} <L Lsg1,

Py3 P33
where y.(e) = ¢, + === e, + ¢
. 17Pj3 2 Py 3
then ;
Dy p
(3-17) Q= {e: -L <e, + 23 e, + 33 ey < L}
P13 P13
or
L P. P P P
(3-18) 0= {e: =22 (cley- 2o ) <oy < 22 (1 - 2 o))
= Pa3 1 Pz 2~ 83— pgy Pag 2

Now & can be expressed as

(3-19) ~alel—a2ez—M < ey 5_—alel-a2e2+M
where
P P P
(3-200 m=2p, 6 =22, o2
P33 P33 Pag

Equation (3-19) is certainly satisfied if e, = a,e. -0 e +m(t) where [m(t)| < M.

Thus it is true that 3 171 272

(3-21) é, = e

1 2

-1l



(3-22) é,= ey = m(t)-alel-aze2

3
or
E 1
(3-23) H(s)= ~ﬁ-(s) = *E—“~—~——
S +G2S+ai
P13L ‘
Now if H(s) has an input of M(s) = ——— then
Py3®
(3~-24)

1°,(e) |<m J‘: Ih(t)ldt.

To evaluate this expression an H{s) was chosen which exhibits no sign changes,
namely

(3-25) H(s) = TE:ETT&:ST-
or
(3-26)
P P,at VP ,.-9D. b VB0, 4P,
h(t) = ( 33 ) exp(- 2;3 ) Lexp(~ 232p 13 33»t) —expl: 232p 13 33;}:n
7p23-up13p33 33 33 33

Thus, evaluating M[”l h(t) |dt we obtain

0

P33l
(3-27) Je (t) | < - .

ey e 52

Similarly lez(t)l can be found as
(3-28)  [ey(t) < Mfg |t (e)} at.
Q can then be determined by solving

p P
23 33
(3-29) |e, + eyt =—ell<L

Pyg 2 Pj3

for all e - e, less than or equal to their bounds.
Parameters for the controller can now be determined by using (3-27),

(3-28) and the matrix equation ATP + PA = ~Q, realizing the P and Q must be
positive definate and symmetric, and A must be a etability:matrix.

-15-



Initially let us assume that u is instrumented according to (3-15). For
this system it was decided to make lell very small for high positional accuracy.
Since

(3-30) u = {[F(3,.5,.%, )~m(e) + Th tsat(ky) ,

in the steady state all terms in u could be 2zero except ey and . -

1a e lSat(Kp ey }. Since this product is instrumented by a quarter-square
multlp 1er whichlgecomes inaccurate if signals are very small, a.must be large
to enable the system to maintain a small value of |e,| in the présence of coulomb
friction.

e v

Assume a; = 100, p,o = 1, le = ,0357, L = 1. Them using (3-27}

llmax

1
p

(3-31)  .0357 < =53

— 2Py

from which we can say p33=.071up23 and from ATP = PA = -Q, where

q n— gl ]
1o 0 o 1 0
(3-32) Q= | o 4, O | amd A={o o 1

0 0 dp i B S 1 N

the following equations result:

(3-33)  2p1q3; = qyy

(3-34)  2py3a5 = 2Py5 = dy,

929

(3-35) pygag + Paad) = Ppgd, - 3

(3-36) Py = Pagdy + Prg?s

(3-37) Py = Pyg3y + Pprg?y
(3-38) py, = Pyg3s + Pyy?; - Pyg

It is a tedious process to find the parameter sget  which will satisfy:allithe
equations and stability conditions on the A matrix, but for this case such a set
is

16~ .



Pyz =1 Pp3 =7 P33 = -05 Py F 20 pyp =100 py, =M
a, 100 a2 = 30 a, = 15
93 = 200 9y, =2 g3 = .1

Taylor [3] has shown that with 1ncreas1ng K in Sat(Ky), the error bound
decreases proportionately = -« .. .onil 2 ~elwging . Thus putting a K of 100
in the controller previously described would bring the bound on le | down to .001.

Final Determination of Controller

It was found that if the controller of (3-15) is used, noise limited thn
performance of the system considerably. The reason for this is that the
noisy signals, x, and x,, occur in both the magnitude of u and the saturation
function. Due t0 the ldrge gains involved, these components of u proved to be
extremelywnoisy. For example, in the controller previously discussed the dominant
term involving x, in |u| is a,e,, To realize this term the output of the tach-
ometer was multiplied by a gain“of about 170. The output of the accelerometer
in turn was multiplied by a gain of over 2500. When it is considered that the
saturation function may have a large gain also, it is easy to see why this
type of controller would be especially susceptible to noise problems, since
a peak of noise in Xq would occur in both |u7 and Sat(ky), thus multiplying
its effect.

It was for these reasons that a controller of the type described in (3-14)
was finally chosen. There are two main advantages in this choice aside from
improving the noise situation. The instrumentation problem is greatly simplified
and the disturbance constant, T. , is absorbed into the controller, allowing
maximum effort against disturbifces.

IV. EVALUATION OF SYSTEM PERFORMANCE

Transient Response to Inputs
Test runs were made with various values of controller parameters. The
major factor limiting the system performance as determined from these tests
were: 1) Size of the motor-clutch combination which limited respdnse time,
and 2) Existing instrumentation which exhibited poor resolution and high noise
content. The results of these runs are shown in Table 1 and Figures § through 10.

This data suggests a number of conslusions. There is a minimum upper
bound on error which can only be approached with the existing equipment. The
error bound varies as N + L/K, where N is a bound on the noise magnitude. This
sets a lower bound on the error., and as K decreases, the bound increases. As
expected, an increase in P,, increases the magnitude of e, and e,, and also
increases the noise on u. ?or this reason, it is suggested that P,, be made
as small as possible, still keeping the system stable. With P33 chosen, K should
be increased so as to realize an acceptable error bound. A small P,; makes the
system sluggish and overdamped, a large one makes it underdamped. The proper
choice of p,g shapes the dynamic error for the chosen values of P13:P33 and K,

-17-



TABLE 1

RESPONSE OF SYSTEM TO 90° (2 volt) STEP INPUTS

RUN| D,s | Pg3 | K [ e, §e3 Ny Ny [Ny u

1=l .6 | .05 |.1 |1.5,.5 8.6 {15 | =0 .2 {15 | s

owl 6 | .05 11, |.1,.00  Ji.e %10 01 11, J20 | 1

3| .1 | .05 |1. | .4, .08 2. 20 | =0 2. {15 5

4 2 | .05 |1 |.32,.08 fre o | =0 J1.5020 ! 5 |

PR S, R

5 3 1 .05 | 1.} .24,.03 1.6 110 | =0 1.5 {15 ;E =
6 4 | 05 1. | .16..08 {1.5 ;10 ~0 1.5 |20 | 10 §
7 5 | .05 | 1. | .12,.02 [1.5 ;10 | .005 | 1.5 |20 11.5
8 7 4.5 i1, | .07,.025 |1.5 §1o 005 1.2 f20 | 12.5 |
9 .8 | .05 | 1.1 .1, .02 1.5 ;10 005 | 1.2 {20 12.5
10 9 | .05 1. | .125,.025 |1.5 ;12 005 | 1.5 |15 12.5
1w | .6 | .1 |1.4.17,.02 1. ‘10| .005 [1. |20 | 18

% denotes curves are shown for these runs

Ni is the peak to peak maximum of the

K is the constant in u

= 20Sat(Ky)

e is the maximum value of errvor

noise on the e signal

The second lower value given in the ey column is the steady state

error position (attributed to coulomb friction).
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Disturbance Resgponse

The response of the system.to disturbance torques of 7.5 in-lbs is shown

in Table 2 and Figures ijy-1%, It was found that a controller of the type

u = 20Sat(Ky) produces a much better response than if u is generated according to
(3-15). When u is generated according to (3-14), the transient response of the
system to step disturbances is very closely related to the error response to

step inputs. The response of the system to step inputs while under the in-
fluence of a steady~stdte disturbance is ‘only slightly different than that of

the system without the disturbance, the difference mainly being in fthe magnitude
of the steady-state error.

-25-



TABLE 2

SYSTEM RESPONSE TO STEP-TORQUE DISTURBANCE OF 7.5 IN-LBS

pl3=l.0
RUN |p,s |Pgg |X |e e, By |9 N, v, iu l
1% | .6 |.o5 |.1 |1.,.5 3.6 |30 |0 6 |20 !5.5 i
“hE | .6- | .05 |1. .15,.03 2. s |.o1 L2 |7 %ééw |
aa o}.r f.os 1. |.26,.00 | 2. fso |o 2 |10 ;20 ‘§
sA | .3 |.o5 (1. t.2u,.0u | 1.8 j20 {o 2 17 |1
10 |.9 |.05 j1. |.22,.03 | 2. Qs o 2 |28 |20
114 {.6 {.1 {1. |.25,.02 | 1.8 {30 | .005 L2 |10 |20
% | .6 }.08 |.1{1.5,.5 3.6 [20 o |2 {15 |s.5
28% | .6 | .05 [1. | .1,.05 1.6 |20 | .01 [1.6]7 |19
a8 .1 .05 1. |.4,.05 | 2. l15 |o 2. {10 |5
58 | .3 |.os {1. |.ou,.08 ! 1.6 |20 {0 ji.8f7 |10
108 |.9 {.o5 |1 |.14,.00 1} 1.5 {100 1.5 14 | 16
18 {.6 |.1 {1 | .17,002 | 3.5)8 | .o05 |{.8 {15 | 15

See note under Table 1.
The A" runs are response to a step of disturbance torque.

The BY runs are response to a 90° input step while under a steady-state
disturbance of 7.5 in-lbs.
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V. CONCLUSIONS

As a result of studies made on this system, a fairly systemized design
procedure has been developed for applying the Liapunov synthesis technique when
instrument noise is present. The procedure is as follows. First select a model
whose order is the same as the plant to be controlled, and whose response essen® ..
tially meets the specifications. Any technique may be employed to produce this
model, even optimal techniques involving a digital computer, as long as all of
the model states are available in real time. After the model has been chosen,

a controller can be constructed of the following form:

(5-1) u = L$at{K(plnel t Py, tPyeyt Tt 4 pnnen)} , Pyp=1-0

where L is the maximum permissible value of| u, and the coefficients of the P
matrix satisfy the conditions for positive definitness. A study should now be
made to choose values of p__ and K; it may be permissible to rely on a simulation
study if noise in the plant is not extreme. In this study the minimum valueof
Pnn @nd the maximum value of K are determined by the following procedure: choos-
ing the intermediate terms for Py between Pin and Ppn @5 less than 1.0 and
greater than p__, and decreasing in size as m increasés, p__ is made as small

as possible without violating requirements for stability. Once P,, is chosen,

K is then increased in magnitude.until it is as large as possible within sat-
uration limits of the instrumentation. The remaining Pan coefficients are selected
to shape the response.

This design procedure seems to hold several advantages for the engineer. .
It appears relatively insensitive to parameter variations and offers a fairly
simple method of designing to specifications. Its disturbance response can be
predicted quite well with the result that the system will control against large
disturbances with small error.

The parameter variation problem was studied only to the extent of deter-
mining that the existing parameter uncertainties (which in some cases were as
large as 20%) did not introduce discrepancies between the theoretical and
experimental results. A detailed study of this problem would constitute a worth-
vhile extension.
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APPENDIX A

DETERMINATION OF SYSTEM PARAMETERS

Spring Constant K of Torsian Bar

kg-M2
k = 1.217-5—§— at the flywheel
sec

. 2
K, = N2K = (u.ux10°3)(1.217) = 5.35%10"° Eg:%—-at the clutches
sec

Evaluation of Dlg D2, J15 J2

1/2
From transient and resonance studies w = 1.1 cps =(5- where w is the
resonant frequency of the rod and flywheel. From step tegponses of system with-

out the rod
D D
35-: 5 3l-= 6 sec.t
1 et

and from steady state values of él under load and no load conditions
-4
D, = 2.935k10 K _-M?
[P~ S
sec

Thus, since allequations are evaluated at the clutches,

g, = 4.89x10™" J, = 1.13x107"  Kg-i®
-4 -5 Ke-M2
D, = 2.935x10 D, = 5.65x%10 R
1 2 sec
5 ke
K = 5.35x10 5
sec
N = 35/528
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INSTRUMENTATION CONSTANTS

Peak to Peak volts
of noise on

e (cps) B volts C volts D volts Kr K, Tach. Accel.
i | f ;
S w0 1.2 025 00755 | .00025 .2 | .5
20 3 1.2 .05 [.0037 | .o01285 ; .2 | .75
s 2 1.2 1 5.00387 001715 .2 N
4 18 1.4 1 l.ooug | .001u 2 4 .TS
5 . 18 1.2 1 00385 | 000089 2 | .6
2 .6 ; 15.51  1.25 .2 ..00338 | .000144 - .3 g .75
T é 1.5 25 L0036 | .0001365 . .2 f .9
% 8 w.s| 1.6 .3 0035 | .0001288 .25 75
! .9 15.5 2. b .00361 | .0001275 ; .4 | .75
20 18 | 2w % 5 .oosus| L0001l | .4 | .75
R 1 | 2.4 6 00344 | 0001243 % A g .75
1.1 8.3 § 1.35 .3 .00372 § 0001185 { .4 ;.75
1.1 11.0 1.5 .375  .003u2 % .000113 ! .4 % .75
1.1 12.0 - 1.8 425 .00343  .000L17 | b % .75
1.1 19. 2.7 .55 00325 - .0000955 . .75
CHART B-1

The values chosen for KT and Ké were .0035 and .00012 respectively.

Large amounts of noise appeared in the outputs of these instruments. The
accelerometer always had spikes of noise whose magnitude was comparable to its
signal.
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